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Abstract 
There is a constructed sequence of polyhedral cyclically 5-connected cubic non-hamiltonian 
graphs having only 5-gons and 8-gons as faces. 
I. Introduction 
We only consider simple graphs, i.e. graphs without loops and multiple edges. 
A graph G = G( V, E) is polyhedral if it is planar and 3-connected. G is cyclically 
k-connected if it is impossible to disconnect G by removing less than k edges in two 
components such that each of its components contains a cycle. G is cubic if each ver- 
tex is incident with exactly three edges. For any face F of G we denote by q = l(F) 
the number of edges bordering F, in this case F is a q-gon. 
By G(3) we denote the class of cubic polyhedral cyclically k-connected graphs. It 
is well known, that Tk(3) = 0 for k 3 6. In this paper, particularly, we are interested 
in the case k = 5. 
BY Tk(3; 41, qz, .. . , qm) we denote the class of cubic polyhedral cyclically k-connected 
graphs G with l(F) E {ql,q2,. . . ,qm} for any face F of G. It is well known that 
k E {3,4,5} for the class rk(3;ql,q2,. . . , q,,,) because any graph G of this class contains 
at least a triangle or a quadrangle or a pentagon. 
k=5 
w;ql,q2,..., qm):=Urk(3;91,q2,...,Ym). 
k=3 
The circumference c(G) of a graph G is the length (= number of vertices) of 
a longest cycle of G. A cycle of length n(G) = /VI is a hamiltonian cycle of G. 
If c(G) < n(G) the graph G is non-hamiltonian. 
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For a class r with non-hamiltonian members we define (see [3]) the shortness 
coejkient 
4’3 p(T) := lim inf - 
GET n(G) 
and the shortness exponent 
kc(G) C(r) := lim inf -. 
GET logn(G) 
In 1966, Grinberg [l] proved the following: 
Lemma. If a polyhedral cubic graph G contains exactly one face F with Z(F)+ 
%(mod3), then G is non-hamiltonian. 
In the following we consider the classes &(3; ql,q2,. . . , qm) with qi = 2(mod 3), i = 
1,2,..., 112, k E {4,5}. 
Especially, we ask whether or not there are non-hamiltonian members in these 
classes. 
2. Results 
Tutte [6] was the first to construct, in 1946, a non-hamiltonian cubic polyhedral 
graph. This graph is cyclically 3-connected, but not cyclically 4-connected. 
Zaks [8] constructed a non-hamiltonian graph GE rs(3; 5,14,20) containing three 
types of faces. In 1982, Owens [5] constructed non-hamiltonian graphs G with 
G~G(3;5,20+8s), s=O,1,2 ,... 
with only two types of faces. 
We can prove the following: 
Theorem 1. The class I”(3; 5,8) contains infinitely many non-hamiltonian members. 
Grtinbaum and Malkevich [2] proved that p(Tk(3)) 2 f, k 2 4. Zaks [8] proved 
that p(fi(3; 5,14,20,35)) < g < 1 and Owens [5] proved that p(T5(3; 5,20 + 8s)) < 1 
- 
3Kl+1 Af64sZ ’ s=o,1,2,... 
We can prove the following: 
Theorem 2. 
p(T5(3;5,8)) < E < 1. 
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3. Constructions and proofs 
We need a set of bricks (see, e.g., Fig. 1) consisting of vertices, edges and half- 
edges. The figures around A denote the number of edges between two neighbouring 
half-edges along the exterior face. fi(A) denotes the number of i-gons of A. 
The proofs of the following Lemmata re not difficult but a little bit time consuming. 
Lemma 1. Let A be an induced part of a graph G with a hamiltonian cycle H, then 
either H contains exactly two half-edges of A connecting U and V or U and X or 
V and Z or X and Z 
or H contains exactly four half-edges of A connecting U with X and V with Y or 
U with Y and V with Z or U with Y and X with Z or U with Z and V with X or 
V with Y and X with Z. 
Let us shorten Lemma 1 for our further considerations in the following way: 
Let A be an induced part of a graph G with a hamiltonian cycle H, then 
either (UV) or (UX) or (VZ) or (X,Z) 
or (UX, VY) or (UY, VZ) or (UY,XZ) or (UZ, VX) or (VY,XZ). 
Lemma 2. Combining three copies of A in accordance with Fig. 2, the resulting brick 
E has the property, if E is an induced part of a graph G with a hamiltonian cycle 
H, then 
either (ab) or (ae) or (bd) or (ce) 
or (ab, cd) or (ae, bc) or (ab,de) or (ae,cd). 
Lemma 3. Combining three copies of E in accordance with Fig. 3, the resulting brick 
Q has the property, if Q is an induced part of a graph G with a hamiltonian cycle 
H, then 
either (23) or (12,415) or (15,34). 
Lemma 4. Combining two copies of E in accordance with Fig. 4, the resulting brick 
P has the property, if P is an induced part of a graph G with a hamiltonian cycle 
H, then 
either (uv) or (uy) or (oy) or (wx) 
or (uv, wy) or (uv,xy). 
Lemma 5. Combining one copy of Q and two copies of P in accordance with Fig. 5 
the resulting brick S has the property, if S is an induced part of a graph G with 
a hamiltonioan cycle H, then only (69,78). 
Lemma 6. Combining two copies of S in accordance with Fig. 6, the resulting brick 
A’ has the property, if A’ is an induced part of a graph G, then G has no hamiltonian 
cycle. 
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Fig. 6. 
It is not difficult to prove the correctness of all lemmata given above, but it is 
necessary to check all the possible cases. 
In Fig. 6 and in the following, z(H) denotes the number of induced bricks _4’ in H 
regardless of whether H is a brick or a graph. In accordance with Figs. 7 and 8, we 
construct bricks Sz’ and Ai+‘. 
Lemma 7. Combining two copies of Q” in accordance with Fig. 9, we obtain a non- 
hamiltonian graph G’ E rT(3; 5,8). 
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r!(e) = 2 n(A’) + 1 
f5(fi*) = 2. f5(A1) 
&a’) = 2. fs(A’) + 2 
z(W) > 2. z(A’) 
n(A’+‘) = 2. n(A’) + 11 
MA’+‘) = 2. f5(k) + 2 
fdA*+‘) = 2. &(A*) + 6 
z(A-+‘) 2 2. z(A’) 
= Gi 
n(G’) = 4. n(Ar) + 1 
h(Q) = 4. fs(A’) 
fs(G’) = 4 jS(A’) + 10 
z(Gi) > 4. ;(A’) 
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Fig. 9. 
It can easily be calculated that 
n(k)= 2’-’ . +I’) + 11 . (21-l - l), +I’) > 2’-’ . z(d), 
@) ~2”‘~ . n(A’) + 44. (2’-’ - 1) + 4, z(G’) > 2’+’ . z(k). 
The non-hamiltonicity of the graphs G’, i = 1,2,. . . is evident after having proved all 
the preceding lemmata. 
Proving that G’ is cyclically S-connected is a routine (see, e.g, [7]) but a very 
labourious business. 
Now, let us estimate the length c(G’) of a longest cycle of G’: 
Obviously, we have c(G’) Q n(G’) - z(G’), therefore 
c(G’) 
n(Gi) 
~ n(G’) - z(G’) 
n(G’) 
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=I-~<_ 2’+’ z( A’ ) 
i 2’+’ n(A’) + 44. (21-I - 1) + 4 
p(fi(3; $8)) < 1 - & = 0.998971 . .. 
This proves both theorems. 
4. Remarks 
1. Similarly sophisticated constructions can be found for proving 
p(CJ3;5,q))< 1 for qE{10,11,12,14}. 
Conjecture. p(T5(3; 5,5 + 31)) < 1, 1= 2,3,. . . 
2. Problem. Is there a real number K,O < K < 1 and an infinite set Q of natural 
numbers q such that 
p(T5(3; 5,q)) < K < 1, q E Q? 
3. Conjecture. p(T5(3;5,q)) < 1, q > 8 
4. Jendrol and Owens [4] proved (for the so-called Fullerene) that p(r(3; 5,6)) 3 !. 
Conjecture. There are no non-hamiltonian members in r(3; 5,6). 
5. Conjecture. p(T5(3; 5,7)) = 1 
6. Owens (oral communication) proved p(T5(3;5,q)) < 1, 
q-0,1,3,4,6(mod8), q > 17. 
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